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The spread of behavior in a society has two major features: the synergy of multiple spreaders and
the dominance of hubs. While strong synergy is known to induce mixed-order transitions (MOTs) at
percolation, the effects of hubs on the phenomena are yet to be clarified. By analytically solving the
generalized epidemic process on random scale-free networks with the power-law degree distribution
pk ∼ k−α, we clarify how the dominance of hubs in social networks affects the conditions for MOTs.
Our results show that, for α < 4, an abundance of hubs drive MOTs, even if a synergistic spreading
event requires an arbitrarily large number of adjacent spreaders. In particular, for 2 < α < 3,
we find that a global cascade is possible even when only synergistic spreading events are allowed.
These transition properties are substantially different from those of cooperative contagions, which
are another class of synergistic cascading processes exhibiting MOTs.
PACS numbers: 05.70.Fh, 89.75.Da, 64.60.aq
Introduction. There has been a growing body of lit-
erature on mixed-order transitions (MOTs), which qual-
ify as both continuous and discontinuous phase transi-
tions depending on the chosen order parameter. Such
transitions appear in many different contexts, such as
DNA unzipping [1–3], Ising spins with long-range inter-
actions [4], and various percolation models with biased
merger of clusters [5]. A common aspect of these systems
is the existence of long-range interactions which encour-
age global ordering over a finite fraction of the system at
criticality [4].
Recently added to the list are various models of cas-
cades with synergistic spreading rules involving cooper-
ation between different contagions [6–9], weakened in-
dividuals [10–16], or multiple spreading thresholds [17].
If each transmission occurs independently without syn-
ergy, the cascade exhibits a continuous percolation tran-
sition [18]. In contrast, with sufficiently strong synergy,
the transition can be a MOT: a continuous transition of
the probability of a global cascade coincides with a dis-
continuous jump of the cascade size. Moreover, the lines
of MOTs and purely continuous transitions join at a tri-
critical point (TCP) with its own critical properties [19].
Again, the long loops of the substrate, through which
different spreading pathways cross each other, facilitate
global cascades at the MOTs [8, 11].
A natural question arises on how the conditions for
MOTs depend on the structure of the underlying sub-
strate. In homogeneous structures, such as lattices [6,
7, 13–15], Poissonian random networks [6–8, 10–13, 17],
and modular networks [16], a MOT requires sufficiently
strong synergy between two spreaders and dimension
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greater than two [13, 14]. However, cascades typically oc-
cur on heterogeneous structures: for instance, social net-
works feature a significant fraction of highly-connected
individuals called hubs, whose existence is typically mod-
eled by scale-free networks (SFNs) with a power-law dis-
tribution pk ∼ k−α (with α > 2) of the number of neigh-
bors k (called degree) [20]. Since SFNs with a greater
variance of k contain more loops [21], α can be a ma-
jor determinant of the conditions for MOTs. For coop-
erative contagions on SFNs, a heterogeneous mean-field
approach [9] showed that a discontinuous jump of the
cascade size is possible for α > 3 given sufficiently strong
synergy, but not for 2 < α < 3; however, whether the
same statement holds for general kinds of synergy re-
mains to be clarified.
In this study, we show that the synergistic spread of be-
havior exhibits substantially different transition phenom-
ena for small values of α. As empirically observed [22],
social reinforcement induces a large boost in the spread of
a behavior if the target individual has sufficiently many
adjacent spreaders. As a simple model incorporating this
feature, we study the generalized epidemic process (GEP)
with the synergy threshold n ≥ 2, in which the spread-
ing probability changes when the number of spreading
neighbors is greater than or equal to n, extending the
original version limited to n = 2 [13]. In the sense that
the cluster is formed by a mixture of single-node and
multi-node mechanisms, our model can be considered a
cascading-process analog of the heterogeneous k-core per-
colation [23], which is a pruning process. We analytically
show that, for 2 < α < 4, an abundance of hubs enable
MOTs for arbitrarily large n ≥ 2. In contrast to coop-
erative contagions, the cascade size exhibits a discontin-
uous jump even for 2 < α < 3 in a manner similar to
the abrupt appearance of a giant heterogeneous k core
with k ≥ 3 on the same SFNs [23]. While the near-TCP
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2scaling exponents for α > 3 remain identical to those of
cooperative contagions [9], a new set of exponents can be
identified for 2 < α < 3.
Dynamics. In the GEP, a node can be susceptible (S1),
weakened (S2), infected (I), or removed (R). All nodes
are initially S1, except for one randomly chosen I node
(the “seed”) starting the spread. At each time step, a
random I node attempts to spread the behavior to all of
its S1- or S2-neighbors, each of the former (latter) with
probability λ (µ). Upon success, the target becomes I. A
failed attempt does not affect the target unless it is the
(n−1)-th attempt on the same S1 node, in which case the
node becomes S2. After then, the chosen I node immedi-
ately deactivates and becomes R, permanently removing
itself from the dynamics. The process goes on until the
network runs out of I nodes. The GEP with n = 3 on a
five-node network is illustrated in Fig. 1(a).
Substrate. The GEP spreads on an ensemble of in-
finitely large random SFNs constrained by two condi-
tions. First, the degree distribution obeys a power law
pk = k
−α/ζα,km for k ≥ km and α > 2, where the gener-
alized zeta function ζs,v, defined as the analytic continu-
ation of
∑∞
i=v k
−s for s 6= 1, normalizes the distribution.
The assumed range of α ensures that the mean degree
〈k〉 = ζα−1,km/ζα,km is finite. Second, there is no cor-
relation between the degrees of adjacent nodes. Given
these two conditions, one may assume that a node and
each of its neighbors have mutually independent statis-
tics, which makes the problem analytically tractable.
Notations. The final fraction of R nodes, denoted by
r, quantifies the cascade size. The probability of a global
cascade with r > 0 is denoted by P∞. The percolation
transition from the phase with zero r and P∞ to the phase
with positive r and P∞ occurs at λ = λc, and r exhibits
a continuous (discontinuous) transition at the point if
µ ≤ µt (µ > µt). The scaling behaviors near the TCP
(λ, µ) = (λc, µt) are characterized by three exponents βc,
βt, and φ, so that P∞ ∼ βcλ , r ∼ βtλ , and r ∼ βt/φµ with
λ ≡ (λ− λc)/λc and µ ≡ (µ− µt)/µt.
Transition of P∞. For the SFNs defined above, mul-
tiple spreading pathways rarely cross at the same node
unless the cascade has already reached a finite fraction of
the network. For this reason, µ is completely irrelevant
to the transition from P∞ = 0 to P∞ > 0: only λ controls
the transition by a bond-percolation mechanism. Thus
one can simply apply the theory of bond percolation on
the random SFNs [24] to obtain the transition point
λc =
{ 〈k〉
〈k(k−1)〉 =
ζα−1,km
ζα−2,km−ζα−1,km for α > 3,
0 for 2 < α < 3,
(1)
which lies between 0 and 1 for sufficiently large km. The
percolation theory [24] also shows that the transition can
only be continuous with the universal scaling behavior
P∞ ∼ βcλ for small positive λ, where the α-dependent
values of the critical exponent βc are listed in Table I.
Such equivalence has also been noted for the GEP [10, 13]
and cooperative contagions [6, 8, 11, 12] on homogeneous
networks.
Analytic calculation of r. In contrast to P∞, r depends
on µ as the crossing of spreading pathways is nonnegligi-
ble whenever r > 0. Here we present a calculation of the
dependence based on a standard tree ansatz for random
SFNs [24]. For this aim, we consider the probability q
that a node at an end of a randomly chosen link is R
after the spread has stopped. For simplicity, we assume
km ≥ n−2, which does not affect the main results. Then
q satisfies a self-consistency equation q = f(q), where
f(q) ≡ 1−
∞∑
k=km
p′k
[
k−1∑
m=0
(
k − 1
m
)
(1− λ)min[m,n−1]
× (1− µ)max[0,m−n+1]qm(1− q)k−1−m
]
. (2)
Each summand indexed by m on the rhs accounts for the
probability that the node has m nodes among k−1 neigh-
bors (excluding the neighbor at the other end of the ran-
domly chosen link) trying to spread the behavior to it, all
of which fail to do so. Note that p′k ≡ kpk/〈k〉 is the de-
gree distribution of a node at the end of a path, weighted
by k because higher-degree nodes are more likely to be
connected. Once q is known, we can calculate r by
r = 1−
∞∑
k=km
pk
[
k∑
m=0
(
k
m
)
(1− λ)min[m,n−1]
× (1− µ)max[0,m−n+1]qm(1− q)k−m
]
, (3)
where pk appears instead of p
′
k because all nodes have
equal weights regardless of k in the definition of r. For
any parameters, Eqs. (2) and (3) provide an exact, albeit
implicit, solution for r. Examples are shown in Fig. 1(b)
for the GEP with n = 3 on the SFNs with km = 4.
Conditions for MOTs. A MOT occurs at λ = λc when
it coincides with a discontinuous jump of r. Since Eq. (3)
implies r ' 〈k〉λq, the transitions of r and q should be
of the same type. The latter are encoded in the small-q
expansion of Eq. (2), which for noninteger α is given by
TABLE I. Scaling exponents describing P∞ ∼ βcλ , r ∼ βtλ ,
and r ∼ βt/φµ of the GEP on the random SFNs near a TCP.
βc βt φ
α > 5 1 12
1
2
4 < α < 5 1 1α−3
α−4
α−3
3 < α < 4 1α−3 1 4− α
2 < α < 3 13−α
4−α
3−α
1
α−2
30
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R
<latexit sha1_base64="hVZcW3ByOAvlTyqJ8JuF2Tce knk=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDkL7x4UPHq53jzb5w8BJ 8FDUVVN91dfiyFQdd9dzILi0vLK9nV3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7wbOI3b0EbEakrH MXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJW67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51EgMx40PWh 7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELfdoYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeWMK6F vZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJPDkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hVZcW3ByOAvlTyqJ8JuF2Tce knk=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDkL7x4UPHq53jzb5w8BJ 8FDUVVN91dfiyFQdd9dzILi0vLK9nV3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7wbOI3b0EbEakrH MXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJW67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51EgMx40PWh 7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELfdoYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeWMK6F vZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJPDkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hVZcW3ByOAvlTyqJ8JuF2Tce knk=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDkL7x4UPHq53jzb5w8BJ 8FDUVVN91dfiyFQdd9dzILi0vLK9nV3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7wbOI3b0EbEakrH MXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJW67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51EgMx40PWh 7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELfdoYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeWMK6F vZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJPDkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hVZcW3ByOAvlTyqJ8JuF2Tce knk=">AAAB8HicdVDLSgNBEJyNrxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDkL7x4UPHq53jzb5w8BJ 8FDUVVN91dfiyFQdd9dzILi0vLK9nV3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7wbOI3b0EbEakrH MXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJW67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51EgMx40PWh 7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELfdoYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeWMK6F vZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJPDkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit>
I<latexit sha1_base64="D7KCSwG3UHxzVFIOhPY6DiC4 /so=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOSv/DiQcWrn+PNv3HyEH wWNBRV3XR3+bEUBl333cksLC4tr2RXc2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+8GziN2+5NiJSV ziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xWT9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTjXCcxPKZsS Pu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NGoW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Qjiyh TAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU92IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7KCSwG3UHxzVFIOhPY6DiC4 /so=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOSv/DiQcWrn+PNv3HyEH wWNBRV3XR3+bEUBl333cksLC4tr2RXc2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+8GziN2+5NiJSV ziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xWT9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTjXCcxPKZsS Pu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NGoW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Qjiyh TAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU92IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7KCSwG3UHxzVFIOhPY6DiC4 /so=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOSv/DiQcWrn+PNv3HyEH wWNBRV3XR3+bEUBl333cksLC4tr2RXc2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+8GziN2+5NiJSV ziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xWT9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTjXCcxPKZsS Pu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NGoW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Qjiyh TAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU92IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7KCSwG3UHxzVFIOhPY6DiC4 /so=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOSv/DiQcWrn+PNv3HyEH wWNBRV3XR3+bEUBl333cksLC4tr2RXc2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+8GziN2+5NiJSV ziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xWT9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTjXCcxPKZsS Pu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NGoW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Qjiyh TAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU92IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit>
 
<latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit>
 
<latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mV iWk=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4 IVPXDhcM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzR N6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZ RjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRya BE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit>
S2<latexit sha1_base64="i Qvi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAF J3UV62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLk RSwj4K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC 4tLyyvF1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CN ZNJCOhL1jHH51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6w W/CD7DL3nJDAUNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb0 4/pmnIIqCCKNWrWgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3 m8bP8aFW+jiIpX4R4Kn6dSMjoVLj0NeTk4TqpzcR//J6K QQNN+NRkgKL6OxQkAoMMZ50gftcMgpirAmhkuusmA6JJBR 0YyVdwudP8f/ErplNs3pxXGmdztsoon10gI5QFdVRC52jN rIRRRm6R4/oybgzHoxn42U2WjDmO7voG4zXD+OQlks=</l atexit><latexit sha1_base64="i Qvi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAF J3UV62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLk RSwj4K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC 4tLyyvF1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CN ZNJCOhL1jHH51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6w W/CD7DL3nJDAUNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb0 4/pmnIIqCCKNWrWgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3 m8bP8aFW+jiIpX4R4Kn6dSMjoVLj0NeTk4TqpzcR//J6K QQNN+NRkgKL6OxQkAoMMZ50gftcMgpirAmhkuusmA6JJBR 0YyVdwudP8f/ErplNs3pxXGmdztsoon10gI5QFdVRC52jN rIRRRm6R4/oybgzHoxn42U2WjDmO7voG4zXD+OQlks=</l atexit><latexit sha1_base64="i Qvi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAF J3UV62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLk RSwj4K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC 4tLyyvF1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CN ZNJCOhL1jHH51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6w W/CD7DL3nJDAUNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb0 4/pmnIIqCCKNWrWgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3 m8bP8aFW+jiIpX4R4Kn6dSMjoVLj0NeTk4TqpzcR//J6K QQNN+NRkgKL6OxQkAoMMZ50gftcMgpirAmhkuusmA6JJBR 0YyVdwudP8f/ErplNs3pxXGmdztsoon10gI5QFdVRC52jN rIRRRm6R4/oybgzHoxn42U2WjDmO7voG4zXD+OQlks=</l atexit><latexit sha1_base64="i Qvi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAF J3UV62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLk RSwj4K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC 4tLyyvF1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CN ZNJCOhL1jHH51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6w W/CD7DL3nJDAUNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb0 4/pmnIIqCCKNWrWgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3 m8bP8aFW+jiIpX4R4Kn6dSMjoVLj0NeTk4TqpzcR//J6K QQNN+NRkgKL6OxQkAoMMZ50gftcMgpirAmhkuusmA6JJBR 0YyVdwudP8f/ErplNs3pxXGmdztsoon10gI5QFdVRC52jN rIRRRm6R4/oybgzHoxn42U2WjDmO7voG4zXD+OQlks=</l atexit>
R
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FIG. 1. (a) The GEP with n = 3 on a five-node network. Each thick arrow represents a time step. (b) Examples of the
transitions of r in the GEP with n = 3 on the SFNs. Inset: a magnified view of the double phase transition for (α, µ) = (4.5, 1).
(c) The α dependence of the TCP (λc, µt) and (d) the scaling exponents in Table I. The SFNs in (b)–(d) have km = 4.
(see Appendix B for the detailed derivation)
f(q) =
ζα−2,km − ζα−1,km
ζα−1,km
λq
+
(
ζα−3,km − 3ζα−2,km
2ζα−1,km
+ 1
)
g2,n(λ, µ) q
2
+
Γ(2− α)
ζα−1,km
gα−2,n(λ, µ) qα−2 +O
(
qmin[3,α−1]
)
, (4)
where Γ is the gamma function, and gs,n is defined as
gs,n(λ, µ) ≡
(
1− λ
1− µ
)n−1{
− µs +
n−2∑
m=0
(
m− 1− s
m
)
× (1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m]}
. (5)
Here qj with an integer j corresponds to the contribution
from j neighbors, while qα−2 stems from the hubs. We
note that the latter gets an extra factor of ln q for the
special cases where α is an integer, which leads to some
complications (see Appendix C for more details). The
transition type is determined by whether q = f(q) has
a positive root at λ = λc, which in turn depends on
the sign of f¯ ′′ ≡ limq↓0 f ′′(q). If f¯ ′′ > 0 (f¯ ′′ < 0), a
positive root exists (cannot exist), and the transition of r
is discontinuous (continuous). Applying this criterion to
Eq. (4), we find that the transition of r is discontinuous
(continuous) if µ > µt (µ < µt), where µt ∈ [0, 1] is a
solution of
gmin[2,α−2],n(λc, µt) = 0 (6)
for any noninteger α > 2. In Fig. 1(c), we show examples
of λc and µt on the SFNs with km = 4 satisfying this
equation. The solvability of Eq. (6) has the following
implications:
(i) If α > 4, for n = 2 the solution is µt =
λc
1−λc , which
depends on α only through λc. This is because the transi-
tion type is determined by the sign of q2 in Eq. (4), which
is a two-neighbor effect. On the other hand, for n ≥ 3
there is no solution because g2,n(λc, µt) = −λ2c < 0; in
other words, f¯ ′′ < 0 always holds, so the transition of
r is always continuous. Here µ comes into play only for
three-or-more neighboring spreaders, so it cannot affect
the sign of q2.
(ii) If 3 < α < 4, Eq. (6) is explicitly dependent on α,
reflecting the dominance of the hub-induced qα−2 term.
Here the solution exists for any n ≥ 2, because the con-
vergence of many spreading pathways at the hubs facili-
tates a MOT even if n is arbitrarily large. We note that
µt obtained from Eq. (6), depending on km, can still be
larger than 1 and thus impossible to achieve, as shown
for km = 4 in Fig. 1(c).
(iii) If 2 < α < 3, for any n ≥ 2, µt = 0 is the only
solution. This captures limλ↓0 r being positive (zero) for
µ > 0 (µ = 0); in other words, there are so many spread-
ing pathways crossing at the hubs that, regardless of n,
synergistic spreading events by µ unaided by λ can in-
duce a global cascade. This regime is where the cascades
of the GEP differ most significantly from those of coop-
erative contagions [9]. In the latter, a node should first
be infected by one contagion with probability λ to expe-
rience a secondary infection with probability µ, so r = 0
whenever λ = 0. In the GEP, even if λ = 0, a spreading
event by µ can still occur because it only requires suffi-
ciently many exposures to neighboring spreaders. This
parallels the robust existence of a giant heterogeneous k-
core with k ≥ 3 on the same SFNs even in the limit where
the fraction of removed nodes approaches unity [23].
Based on these results, one can interpret the transi-
tion behaviors of the GEP with n = 3 on the SFNs with
km = 4 illustrated in Fig. 1(b). For α = 3.5, both con-
tinuous and discontinuous transitions of r are possible at
λc ≈ 0.104 with the boundary at µt ≈ 0.371, whereas for
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FIG. 2. The near-TCP crossover behaviors for n = 2 de-
scribed by Eq. (8). The lines are obtained from the roots of
Eq. (4), and the symbols are simulation results obtained using
105 SFNs with N = 107 and km = 4. The upper (lower) data
correspond to the µ < 0 (µ > 0) regime with (a) α = 4.5
and (b) α = 3.5. See Fig. S2 for the case α = 5.5. To remove
overlaps, all data for µ < 0 have been divided by 10
6. All
plots use the same values of |µ|.
α = 4.5 (see the inset for a magnified view) r undergoes
a continuous transition belonging to the bond percola-
tion universality class (βc = 1) at λc ≈ 0.203 even in the
extreme case µ = 1. Notably, there is a secondary dis-
continuous transition (marked by dotted vertical lines)
at λ > λc, whose possibility is not excluded by our ar-
gument. This phenomenon seems to be related to the
double phase transitions reported in [17] and will be dis-
cussed in detail elsewhere [25].
Tricritical behaviors for α > 3. For small and positive
λ, a Taylor expansion of Eq. (4) about (λ, µ) = (λc, µt)
yields
r ∼ q ∼

(λ/|µ|)βc if |µ|  φλ, µ < 0,
βtλ if |µ|  φλ,

βt/φ
µ if |µ|  φλ, µ > 0,
(7)
where µ ≡ (µ − µt)/µt, the exponents βc and βt are
shown in Table I as well as Fig. 1(d), and φ = 1− βt/βc.
The values of βt in this regime are in exact agreement
with those reported in [9]. It is notable that the exponent
φ, which governs the crossover between different scaling
regimes, exhibits nonmonotonic behaviors with the slope
changing sign at α = 4 [see Fig. 1(d)]. This is yet another
consequence of the fact that the hubs begin to drive the
MOTs as α is decreased below 4.
To numerically verify the scaling exponents derived
above, we present the scaling form for r P∞, which con-
verges to the average fraction of R nodes, 〈R〉/N , read-
ily obtained using random SFNs of N nodes (see Ap-
pendix A for more detail) in the N → ∞ limit. The
scaling form is given by
rP∞ = lim
N→∞
〈R〉
N
= |µ|(βt+βc)/φ F±
(
λ |µ|−1/φ
)
, (8)
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FIG. 3. (a) Scaling behaviors of the cascade size r on the
SFNs with α = 2.5 and km = 4. (b) Comparison between the
asymptotic values of rP∞ (solid lines) predicted by the roots
of Eq. (4) and the corresponding finite-size observable 〈R〉/N
(symbols) numerically obtained from 105 networks with N =
106. Both (a) and (b) use n = 2 and the same values of µ. (c)
Universal scaling form of q with respect to dα,kmλ+µ
α−2, as
predicted by Eq. (9). The solid (dashed) lines correspond to
λ = 0 (µ = 0).
where F+ (F−) is the scaling function for µ > 0 (µ < 0).
As shown in Fig. 2, there is a good agreement between
the theory and the numerics, despite deviations due to
finite-size effects for small |λ| and |µ| (see Fig. S3 for a
closer comparison between theory and numerics).
Scaling behaviors for 2 < α < 3. As discussed above
and illustrated in Figs. 3(a) and 3(b) (the latter providing
a numerical verification of the tree ansatz, whose rigorous
justification remains an open mathematical problem due
to a diverging number of short loops [21]), λc = µt = 0
holds in this regime. Due to the absence of the phase
of localized cascades, it would be misleading to call the
point a TCP; however, one can still identify universal
scaling behaviors and the crossover between them from
the leading-order terms of Eq. (4), identifying new scaling
exponents previously unreported. We obtain
q ∼ (dα,kmλ+ µα−2)1/(3−α) (9)
with a coefficient dα,km > 0 determined by α and km, as
illustrated in Fig. 3(c). For µ = 0, the above equation
and r ∼ λq from Eq. (3) implies r ∼ λβt with βt = 4−α3−α .
Moreover, since the positive limiting values of q and r as
λ decreases to zero become clear only for µ  λ 1α−2 , we
can also write φ = 12−α to describe the crossover. The
behaviors of βt and φ for 2 < α < 3 shown in Table I and
Fig. 1(c) should be understood in this vein.
Summary. We examined the effects of the degree ex-
ponent α on the percolation transitions of the GEP on
uncorrelated random SFNs. All analytical results, based
on the tree ansatz (2), are in good agreement with the nu-
merics beyond the regime of strong finite-size effects. It
is found that the hub-driven MOTs occur only for α < 4.
In particular, for 2 < α < 3, we identified new transi-
tion behaviors stemming from the convergence of loops
5at the hubs. These imply that the spread of behavior
and cooperative contagions [9] belong to different uni-
versality classes on typical social networks. Our results
reveal fundamental principles underlying the formation
of compact cultural subgroups fostered by the fat-tailed
degree distribution of social networks. Interesting topics
for future studies include the conditions for double phase
transitions, the nature of finite-size effects, and connec-
tions to MOTs and TCPs reported in other percolation
models [26, 27].
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Appendix A: Generation of scale-free networks
In our simulations of the generalized epidemic process (GEP), we randomly generated the scale-free networks (SFNs)
according to the following three-step scheme.
Step 1. Depending on the value of α, fix the maximum degree as
kmax =
N − 1 if α ≥ 3,b√Nc if 2 < α < 3. (A1)
This ensures that the degrees of adjacent nodes are uncorrelated [28].
Step 2. Given the degree distribution
pk =
k−α∑kmax
k′=km k
′−α , (A2)
generate a degree sequence deterministically so that the number of nodes with degree k, denoted by Nk, satisfies⌊
N
∑
k′>k
pk′
⌋
=
∑
k′>k
Nk′ , (A3)
for every integer k ∈ [km, kmax]. This method, used in [29], reduces the noise stemming from the sample-to-sample
fluctuations of the degree sequence at finite N .
Step 3. Randomly connect the nodes according to the given degree sequence, avoiding the creation of self-loops
and multiple links between the same pair of nodes.
Appendix B: Derivation of Eq. (4)
We first rewrite Eq. (2) as
f(q) = 1−
∞∑
k=km
p′k
[
n−1∑
m=0
(
k − 1
m
)
(1− λ)mqm(1− q)k−1−m +
k−1∑
m=n
(
k − 1
m
)
(1− λ)n−1(1− µ)m−n+1qm(1− q)k−1−m
]
= 1−
∞∑
k=km
p′k
{(
1− λ
1− µ
)n−1
(1− µq)k−1 +
n−2∑
m=0
(
k − 1
m
)
(1− λ)m
[
1−
(
1− λ
1− µ
)n−m−1]
qm(1− q)k−1−m
}
,
(B1)
6TABLE S1. Unsigned Stirling numbers of the first kind
[
j
i
]
for small non-negative integers j and i.
j
i
0 1 2 3 4 5 6 7
0 1 – – – – – – –
1 0 1 – – – – – –
2 0 1 1 – – – – –
3 0 2 3 1 – – – –
4 0 6 11 6 1 – – –
5 0 24 50 35 10 1 – –
6 0 120 274 225 85 15 1 –
7 0 720 1764 1624 735 175 21 1
whose validity can be easily shown by the binomial expansion of (1 − µq)k−1. Using a notation for the Lerch
transcendent
Φs,v(z) ≡
∞∑
i=0
zi
(v + i)s
, (B2)
we can calculate the summations over k in Eq. (B1) to obtain
f(q) = 1− 1
ζα−1,km
(
1− λ
1− µ
)n−1
(1− µq)km−1Φα−1,km(1− µq)
− 1
ζα−1,km
n−2∑
m=0
(1− λ)m
m!
[
1−
(
1− λ
1− µ
)n−m−1]
(−q)m d
m
dqm
[
(1− q)km−1Φα−1,km(1− q)
]
. (B3)
In order to expand the rhs of Eq. (B3) with respect to q, we note that the Lerch transcendent has a series expansion [30]
Φs,v(z) = z
−v
∞∑
i=0
ζs−i,v
(ln z)i
i!
+ z−vΓ(1− s)(− ln z)s−1 (B4)
for any complex z with | ln z| < 2pi and for real numbers s and v satisfying s 6= 1, 2, 3, . . . and v 6= 0,−1,−2, . . . .
Taking advantage of the generating function
[ln(1− x)]i = (−1)i · i! ·
∞∑
j=i
[
j
i
]
xj
j!
(B5)
for the unsigned Stirling numbers of the first kind
[
j
i
]
(whose values for small j and i are listed in Table S1), we can
derive a useful relation
[ln(1− x)]i
1− x = −
1
i+ 1
d
dx
[ln(1− x)]i+1 = (−1)i · i! ·
∞∑
j=i+1
[
j
i+ 1
]
xj−1
(j − 1)! . (B6)
7This in turn can be used to rewrite Eq. (B4) in a more convenient form
(1− x)v−1 Φs,v(1− x) =
∞∑
j=1
{
j−1∑
i=0
(−1)i
[
j
i+ 1
]
ζs−i,v
}
xj−1
(j − 1)! +
Γ(1− s)
ζs,v
xs−1 [1 +O(x)]
=
∞∑
j=0
{
j+1∑
i=1
(−1)i+1
[
j + 1
i
]
ζs−i+1,v
}
xj
j!
+
Γ(1− s)
ζs,v
[
xs−1 +O(xs)
]
, (B7)
where the second equality is obtained by the change of variables j → j + 1 and i→ i− 1. Using the above expansion
in Eq. (B3), a tedious but straightforward calculation yields
f(q) =
∞∑
j=1
{
j+1∑
i=1
(−1)i+1
j!
[
j + 1
i
]
ζα−i,km
ζα−1,km
}(
1− λ
1− µ
)n−1{n−2∑
m=0
(
m− 1− j
m
)
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m]
− µj
}
qj
+
Γ(2− α)
ζα−1,km
(
1− λ
1− µ
)n−1{n−2∑
m=0
(
m+ 1− α
m
)
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m]
− µα−2
}[
qα−2 +O
(
qα−1
)]
, (B8)
where
(
m′
m
)
is a generalized Binomial coefficient defined as(
m′
m
)
≡ m
′(m′ − 1) · · · (m′ −m+ 1)
m!
(B9)
for any integer m′ and a non-negative integer m. The definition implies
(
m′
m
)
= (−1)m(|m′|+m−1m ) for any negative m′
and
(
m′
m
)
= 0 whenever m > m′ ≥ 0. Using these properties and Table S1, the order q component of f(q) is given by
ζα−1,km − ζα−2,km
ζα−1,km
(
1− λ
1− µ
)n−1{n−2∑
m=0
(
m− 2
m
)
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m]
− µ
}
q
=
ζα−1,km − ζα−2,km
ζα−1,km
(
1− λ
1− µ
)n−1{[
1−
(
1− µ
1− λ
)n−1]
− (1− µ)
[
1−
(
1− µ
1− λ
)n−2]
θn−3 − µ
}
q
=
ζα−2,km − ζα−1,km
ζα−1,km
λq, (B10)
where θm = 1 (θm = 0) for any integer m ≥ 0 (m < 0). Then Eq. (4) is obtained by defining gs,n(λ, µ) as in Eq. (5).
Appendix C: Phase transitions at integer degree exponents
If the degree exponent α is an integer, the epidemic outbreaks and their associated critical phenomena are governed
by the behavior of Φs,v(z) near z = 1 for a positive integer s. The relevant series expansion is given by [30]
Φs,v(z) ≡ z−v
∞∑
n=0
ζ˜s−n,v
(ln z)n
n!
+ z−v [ψ(s)− ψ(v)− ln(− ln z)] (ln z)
s−1
(s− 1)! (C1)
for | ln z| < 2pi and v 6= 0,−1,−2, . . . , where we have introduced the notations
ζ˜s,v ≡
ζs,v if s ≥ 2,0 if s = 1 (C2)
8and ψ(s) ≡ Γ′(s)/Γ(s) for the digamma function. Using Eq. (B5), we can recast the above expansion into a more
convenient form
(1− x)v−1 Φs,v(1− x) =
∞∑
j=0
{
j+1∑
i=1
(−1)i+1
[
j + 1
i
]
ζ˜s−i+1,v
}
xj
j!
− (−1)
s−1
(s− 1)!
{
xs−1 lnx+ [ψ(v)− ψ(s)]xs−1}+O(xs) .
(C3)
Based on this formula, we can expand the rhs of Eq. (B3) as
f(q) =
∞∑
j=1
{
j+1∑
i=1
(−1)i+1
j!
[
j + 1
i
]
ζ˜α−i,km
ζα−1,km
}
gj,n(λ, µ) q
j − (−1)
α−2
ζα−1,km(α− 2)!
gα−2,n(λ, µ) qα−2 ln q
− (−1)
α−2
ζα−1,km(α− 2)!
[
[ψ(km)− ψ(α− 1)] gα−2,n(λ, µ)−
(
1− λ
1− µ
)n−1{
µα−2 lnµ
−
min[α,n]−2∑
m=0
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m](
m+ 1− α
m
)
[ψ(α− 1)− ψ(α− 1−m)]
}]
qα−2 +O
(
qα−1 ln q
)
,
(C4)
where we have used gs,n(λ, µ) defined in Eq. (5). The main difference between Eq. (4) and Eq. (C4) lies in the presence
of qα−2 ln q in the latter, which is always lower-order than qα−2. If α > 5, the term is simply irrelevant to epidemic
outbreaks. If α ∈ {3, 4, 5}, the logarithmic correction has nontrivial effects on the transition behaviors, as discussed
case by case below (see Table S2 for a summary).
Case of α = 5: the lowest-order terms of Eq. (C4) are given by
f(q) =
ζ3,km − ζ4,km
ζ4,km
λq +
ζ2,km − 3ζ3,km + 2ζ4,km
2ζ4,km
g2,n(λ, µ) q
2 +
g3,n(λ, µ)
6ζ4,km
q3 ln q +O
(
q3
)
, (C5)
whose form is similar to the corresponding recursive relation for a non-integer α > 4. Based on the same arguments
described in the main text, the epidemic threshold is obtained as λc = ζ4,km/(ζ3,km − ζ4,km), and the tricritical point
(TCP) satisfies g2,n(λc, µt) = 0, which has a physical solution µt = λc/(1−λc) ∈ (0, 1) for n = 2 and sufficiently large
km. Near the TCP, we can approximate the above equation as
0 ' λq + cα,kmµq2 − c′α,kmq3| ln q|, (C6)
where cα,km and c
′
α,km
are positive coefficients. Thus the behavior of the outbreak size in this regime satisfies
r ∼ q ∼

λ/|µ| if µ < 0, |µ|  |λ ln λ|1/2,
|λ/ ln λ|1/2 if |µ|  |λ ln λ|1/2,
µ/| ln µ| if µ > 0, |µ|  |λ ln λ|1/2.
(C7)
9Case of α = 4: the lowest-order terms of Eq. (C4) are obtained as
f(q) =
ζ2,km − ζ3,km
ζ3,km
λq − g2,n(λ, µ)
2ζ3,km
q2 ln q
− 1
2ζ3,km
[
[3ζ2,km − 2ζ3,km + ψ(km)− ψ(3)] g2,n(λ, µ)−
(
1− λ
1− µ
)n−1{
µ2 lnµ
−
min[4,n]−2∑
m=0
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m](
m− 3
m
)
[ψ(3)− ψ(3−m)]
}]
q2 +O
(
q3 ln q
)
, (C8)
which implies that the epidemic threshold is at λc = ζ3,km/(ζ2,km − ζ3,km) and that the TCP satisfies g2,n(λc, µt) = 0.
As was the case for α > 4, the TCP exists only for n = 2 and sufficiently large km. The near-TCP properties are
described by
0 ' λq + cα,kmµq2| ln q| − c′α,kmq2, (C9)
for positive coefficients cα,km and c
′
α,km
. Thus the outbreak size in this regime obeys
r ∼ q ∼

λ/|µ ln(λ/|µ|)| if µ < 0, |µ|  | ln λ|−1,
λ if |µ|  | ln λ|−1,
e−c
′
α,km
/(cα,kmµ) if µ > 0, |µ|  | ln λ|−1.
(C10)
Case of α = 3: the lowest-order terms of Eq. (C4) are given by
f(q) = − 1
ζ2,km
λq ln q − 1
ζ2,km
[
[ζ2,km + ψ(km)− ψ(2)]λ+
(
1− λ
1− µ
)n−1{
µ lnµ
−
min[3,n]−2∑
m=0
(1− µ)m
[
1−
(
1− µ
1− λ
)n−1−m](
m− 2
m
)
[ψ(2)− ψ(2−m)]
}]
q +O
(
q2
)
. (C11)
At the vanishing epidemic threshold (λc = 0), q = f(q) has (cannot have) a positive root if the sign of the q term on
the rhs is positive (negative). Thus µt is given by
µt lnµt =
min[3,n]−2∑
m=0
(1− µt)m
[
1− (1− µt)n−1−m
](m− 2
m
)
[ψ(2)− ψ(2−m)] . (C12)
We note that µt obtained from the above equation is in general not equal to limα↓3 µt obtained from Eq. (6). If
µ < µt, the transition behaviors are described by the approximate formula
0 ' cα,kmλq| ln q|+
(
c′α,kmµ − c′′α,kmλ
)
q, (C13)
where cα,km , c
′
α,km
, and c′′α,km are positive coefficients. In this case, the outbreak size satisfies
r ∼ λq ∼ λ e(c′α,km µ−c′′α,kmλ)/(cα,kmλ). (C14)
As µ approaches zero so that |µ|  λ (which can be represented as φ = 1), r abruptly becomes nonzero for an
arbitrary positive value of λ. In contrast to the other cases, here r can be already nonzero at λ = λc and µ = µt in a
manner analogous to a discontinuous transition.
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TABLE S2. Scaling exponents describing tricritical properties of the GEP (if TCPs exist) on random SFNs for integer degree
exponents α.
P∞ ∼ βcλ r ∼ βtλ µ ∼ φλ
α = 5 λ |λ/ ln λ|1/2 |λ ln λ|1/2
α = 4 |λ/ ln λ| λ | ln λ|−1
α = 3 λe−c/λ λ0 λ
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 
<latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit>
 
<latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit><latexit sha1_base64="d2I2dan5rJZyxMUntJUZN3mViW k=">AAAB/3icdVDLSgMxFM3UV62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTjN7jVtStx66e49E9MH4IVPXDh cM653EeccqYNQh9ObmV1bX0jv1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDltxsPLqd+8p0qzRN6YUUojgfuS 9RjBxkp3YSxCbtNd3CmWkFuroXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHWbQ+lJhpjZRjhdFIIM01TTIa4 T9uWSiyojsazjSfwxCpd2EuULWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/qZRyaBE7Ph12mKDF8ZAkmitld IRlghYmxT1qaEouJ/cn34fB/EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H58V5dd7m0Zyz6DkES3DevwAk Cpdz</latexit>
S2<latexit sha1_base64="iQ vi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAFJ3U V62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLkRSwj4 K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC4tLyyvF 1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CNZNJCOhL1jH H51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6wW/CD7DL3nJDA UNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb04/pmnIIqCCKNWr Wgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3m8bP8aFW+jiIpX4R 4Kn6dSMjoVLj0NeTk4TqpzcR//J6KQQNN+NRkgKL6OxQkAoM MZ50gftcMgpirAmhkuusmA6JJBR0YyVdwudP8f/ErplNs3px XGmdztsoon10gI5QFdVRC52jNrIRRRm6R4/oybgzHoxn42U2 WjDmO7voG4zXD+OQlks=</latexit><latexit sha1_base64="iQ vi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAFJ3U V62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLkRSwj4 K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC4tLyyvF 1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CNZNJCOhL1jH H51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6wW/CD7DL3nJDA UNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb04/pmnIIqCCKNWr Wgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3m8bP8aFW+jiIpX4R 4Kn6dSMjoVLj0NeTk4TqpzcR//J6KQQNN+NRkgKL6OxQkAoM MZ50gftcMgpirAmhkuusmA6JJBR0YyVdwudP8f/ErplNs3px XGmdztsoon10gI5QFdVRC52jNrIRRRm6R4/oybgzHoxn42U2 WjDmO7voG4zXD+OQlks=</latexit><latexit sha1_base64="iQ vi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAFJ3U V62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLkRSwj4 K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC4tLyyvF 1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CNZNJCOhL1jH H51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6wW/CD7DL3nJDA UNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb04/pmnIIqCCKNWr Wgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3m8bP8aFW+jiIpX4R 4Kn6dSMjoVLj0NeTk4TqpzcR//J6KQQNN+NRkgKL6OxQkAoM MZ50gftcMgpirAmhkuusmA6JJBR0YyVdwudP8f/ErplNs3px XGmdztsoon10gI5QFdVRC52jNrIRRRm6R4/oybgzHoxn42U2 WjDmO7voG4zXD+OQlks=</latexit><latexit sha1_base64="iQ vi4OG9emriH3+GA9ZNy8Yv2sY=">AAAB/XicdVDLSsNAFJ3U V62vqrhyM1gEVyEtYltwUXDjsqKxhSaEyXTSDp08mLkRSwj4 K25cqLj1P9z5N04fgs8DA4dz7uWeOX4iuALLejcKC4tLyyvF 1dLa+sbmVnl751rFqaTMprGIZdcnigkeMRs4CNZNJCOhL1jH H51N/M4Nk4rH0RWME+aGZBDxgFMCWvLKew6wW/CD7DL3nJDA UNNa7pUrltlsnlj1Bv5NqqY1RQXN0fbKb04/pmnIIqCCKNWr Wgm4GZHAqWB5yUkVSwgdkQHraRqRkCk3m8bP8aFW+jiIpX4R 4Kn6dSMjoVLj0NeTk4TqpzcR//J6KQQNN+NRkgKL6OxQkAoM MZ50gftcMgpirAmhkuusmA6JJBR0YyVdwudP8f/ErplNs3px XGmdztsoon10gI5QFdVRC52jNrIRRRm6R4/oybgzHoxn42U2 WjDmO7voG4zXD+OQlks=</latexit>
R
<latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit>
R
<latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit>
R
<latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit><latexit sha1_base64="hV ZcW3ByOAvlTyqJ8JuF2Tceknk=">AAAB8HicdVDLSgNBEJyN rxhfUY9eBoPgKWxETAIeAl48RjEmmCxhdtKbDJmdXWZ6xbDk L7x4UPHq53jzb5w8BJ8FDUVVN91dfiyFQdd9dzILi0vLK9nV 3Nr6xuZWfnvn2kSJ5tDgkYx0y2cGpFDQQIESWrEGFvoSmv7w bOI3b0EbEakrHMXghayvRCA4QyvddBDu0A/Sy3E3X3CL1eqJ W67Q36RUdKcokDnq3fxbpxfxJASFXDJj2iU3Ri9lGgWXMM51 EgMx40PWh7alioVgvHR68ZgeWKVHg0jbUkin6teJlIXGjELf doYMB+anNxH/8toJBhUvFSpOEBSfLQoSSTGik/dpT2jgKEeW MK6FvZXyAdOMow0pZ0P4/JT+TxpHxWqxdHFcqJ3O08iSPbJP DkmJlEmNnJM6aRBOFLknj+TJMc6D8+y8zFozznxml3yD8/oB /tyRVA==</latexit>
I<latexit sha1_base64="D7 KCSwG3UHxzVFIOhPY6DiC4/so=">AAAB8HicdVDLSgNBEOyN rxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOS v/DiQcWrn+PNv3HyEHwWNBRV3XR3+bEUBl333cksLC4tr2RX c2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+ 8GziN2+5NiJSVziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xW T9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTj XCcxPKZsSPu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NG oW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Q jiyhTAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU9 2IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7 KCSwG3UHxzVFIOhPY6DiC4/so=">AAAB8HicdVDLSgNBEOyN rxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOS v/DiQcWrn+PNv3HyEHwWNBRV3XR3+bEUBl333cksLC4tr2RX c2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+ 8GziN2+5NiJSVziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xW T9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTj XCcxPKZsSPu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NG oW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Q jiyhTAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU9 2IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7 KCSwG3UHxzVFIOhPY6DiC4/so=">AAAB8HicdVDLSgNBEOyN rxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOS v/DiQcWrn+PNv3HyEHwWNBRV3XR3+bEUBl333cksLC4tr2RX c2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+ 8GziN2+5NiJSVziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xW T9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTj XCcxPKZsSPu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NG oW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Q jiyhTAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU9 2IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit><latexit sha1_base64="D7 KCSwG3UHxzVFIOhPY6DiC4/so=">AAAB8HicdVDLSgNBEOyN rxhfUY9eBoPgKWxETAIeAl70FsGYYLKE2clsMmR2dpnpFcOS v/DiQcWrn+PNv3HyEHwWNBRV3XR3+bEUBl333cksLC4tr2RX c2vrG5tb+e2daxMlmvEGi2SkWz41XArFGyhQ8lasOQ19yZv+ 8GziN2+5NiJSVziKuRfSvhKBYBStdNNBfod+kF6Mu/mCW6xW T9xyhfwmpaI7RQHmqHfzb51exJKQK2SSGtMuuTF6KdUomOTj XCcxPKZsSPu8bamiITdeOr14TA6s0iNBpG0pJFP160RKQ2NG oW87Q4oD89ObiH957QSDipcKFSfIFZstChJJMCKT90lPaM5Q jiyhTAt7K2EDqilDG1LOhvD5KfmfNI6K1WLp8rhQO52nkYU9 2IdDKEEZanAOdWgAAwX38AhPjnEenGfnZdaaceYzu/ANzusH 8TiRSw==</latexit>
 
<latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit>
 
<latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit><latexit sha1_base64="d2 I2dan5rJZyxMUntJUZN3mViWk=">AAAB/3icdVDLSgMxFM3U V62vqks3wSK4GjJjiy24KLhxWcGxxc5QMmnahiaZIckIpXTj N7jVtStx66e49E9MH4IVPXDhcM653EeccqYNQh9ObmV1bX0j v1nY2t7Z3SvuH9zqJFOEBiThiWrFWFPOJA0MM5y2UkWxiDlt xsPLqd+8p0qzRN6YUUojgfuS9RjBxkp3YSxCbtNd3CmWkFur oXK5ApFbQb7vVy1BZ3615kHPRTOUwAKNTvEz7CYkE1QawrHW bQ+lJhpjZRjhdFIIM01TTIa4T9uWSiyojsazjSfwxCpd2EuU LWngTP3ZMcZC65GIbVJgM9C/van4l9fOTK8ajZlMM0MlmQ/q ZRyaBE7Ph12mKDF8ZAkmitldIRlghYmxT1qaEouJ/cn34fB/ EvhuzfWuy6X6xeI5eXAEjsEp8MA5qIMr0AABIECCR/AEnp0H 58V5dd7m0Zyz6DkES3DevwAkCpdz</latexit> µ
<latexit sha1_base64="fH o2ftUGDUpuZPeSyOmKgD/vSn8=">AAAB+3icdVBNS8NAEN3U r1q/qh69LBbBU0hqY1rwUPDisYJphSaUzXbbrt1Nwu5GKKH+ Bq969iRe/TEe/Sdu2gpW9MHA470ZZuaFCaNSWdaHUVhZXVvf KG6WtrZ3dvfK+wdtGacCEw/HLBa3IZKE0Yh4iipGbhNBEA8Z 6YTjy9zv3BMhaRzdqElCAo6GER1QjJSW2n7IfZ72yhXLdM/r NdeBlmlX645Ty4nTqJ650DatGSpggVav/On3Y5xyEinMkJRd 20pUkCGhKGZkWvJTSRKEx2hIuppGiBMZZLNrp/BEK304iIWu SMGZ+nMiQ1zKCQ91J0dqJH97ufiX103VoB5kNEpSRSI8XzRI GVQxzF+HfSoIVmyiCcKC6lshHiGBsNIBLW0J+VRn8v04/J94 VbNh2te1SvNiEU4RHIFjcAps4IImuAIt4AEM7sAjeALPxoPx Yrwab/PWgrGYOQRLMN6/AELLldw=</latexit><latexit sha1_base64="fH o2ftUGDUpuZPeSyOmKgD/vSn8=">AAAB+3icdVBNS8NAEN3U r1q/qh69LBbBU0hqY1rwUPDisYJphSaUzXbbrt1Nwu5GKKH+ Bq969iRe/TEe/Sdu2gpW9MHA470ZZuaFCaNSWdaHUVhZXVvf KG6WtrZ3dvfK+wdtGacCEw/HLBa3IZKE0Yh4iipGbhNBEA8Z 6YTjy9zv3BMhaRzdqElCAo6GER1QjJSW2n7IfZ72yhXLdM/r NdeBlmlX645Ty4nTqJ650DatGSpggVav/On3Y5xyEinMkJRd 20pUkCGhKGZkWvJTSRKEx2hIuppGiBMZZLNrp/BEK304iIWu SMGZ+nMiQ1zKCQ91J0dqJH97ufiX103VoB5kNEpSRSI8XzRI GVQxzF+HfSoIVmyiCcKC6lshHiGBsNIBLW0J+VRn8v04/J94 VbNh2te1SvNiEU4RHIFjcAps4IImuAIt4AEM7sAjeALPxoPx Yrwab/PWgrGYOQRLMN6/AELLldw=</latexit><latexit sha1_base64="fH o2ftUGDUpuZPeSyOmKgD/vSn8=">AAAB+3icdVBNS8NAEN3U r1q/qh69LBbBU0hqY1rwUPDisYJphSaUzXbbrt1Nwu5GKKH+ Bq969iRe/TEe/Sdu2gpW9MHA470ZZuaFCaNSWdaHUVhZXVvf KG6WtrZ3dvfK+wdtGacCEw/HLBa3IZKE0Yh4iipGbhNBEA8Z 6YTjy9zv3BMhaRzdqElCAo6GER1QjJSW2n7IfZ72yhXLdM/r NdeBlmlX645Ty4nTqJ650DatGSpggVav/On3Y5xyEinMkJRd 20pUkCGhKGZkWvJTSRKEx2hIuppGiBMZZLNrp/BEK304iIWu SMGZ+nMiQ1zKCQ91J0dqJH97ufiX103VoB5kNEpSRSI8XzRI GVQxzF+HfSoIVmyiCcKC6lshHiGBsNIBLW0J+VRn8v04/J94 VbNh2te1SvNiEU4RHIFjcAps4IImuAIt4AEM7sAjeALPxoPx Yrwab/PWgrGYOQRLMN6/AELLldw=</latexit><latexit sha1_base64="fH o2ftUGDUpuZPeSyOmKgD/vSn8=">AAAB+3icdVBNS8NAEN3U r1q/qh69LBbBU0hqY1rwUPDisYJphSaUzXbbrt1Nwu5GKKH+ Bq969iRe/TEe/Sdu2gpW9MHA470ZZuaFCaNSWdaHUVhZXVvf KG6WtrZ3dvfK+wdtGacCEw/HLBa3IZKE0Yh4iipGbhNBEA8Z 6YTjy9zv3BMhaRzdqElCAo6GER1QjJSW2n7IfZ72yhXLdM/r NdeBlmlX645Ty4nTqJ650DatGSpggVav/On3Y5xyEinMkJRd 20pUkCGhKGZkWvJTSRKEx2hIuppGiBMZZLNrp/BEK304iIWu SMGZ+nMiQ1zKCQ91J0dqJH97ufiX103VoB5kNEpSRSI8XzRI GVQxzF+HfSoIVmyiCcKC6lshHiGBsNIBLW0J+VRn8v04/J94 VbNh2te1SvNiEU4RHIFjcAps4IImuAIt4AEM7sAjeALPxoPx Yrwab/PWgrGYOQRLMN6/AELLldw=</latexit>
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(a) (b) α = 3.5 α = 4.5
FIG. S1. Examples of the GEP with n = 3. (a) Entire dynamics on a five-node network. Each thick arrow represents a time
step. Central box: in the final state, the seed is colored black, the nodes infected with probability λ (µ) are colored orange
(red), and only the links connecting the infected nodes are shown. (b) Examples of the final state of the GEP on the SFNs
with km = 4 at λ = λc, and µ = 0.5. The rods (both colored and white) on the boundary correspond to the nodes, aligned
clockwise in the order of decreasing degree. Only the infected nodes and their mutual links are shown according to the color
scheme shown in (a). Here the seed is located at the node of the highest degree (the black rod).
Appendix D: Illustrations of actual outbreaks
The importance of hubs in the MOTs for 3 < α < 4 is more directly illustrated in Fig. S1. Using the color
scheme described in Fig. S1(a), each circular diagram of Fig. S1(b) shows the final state of the GEP with n = 3
at λ = λc and µ = 0.5 on the random SFNs with N = 360 nodes and km = 4. More specifically, each rod on
the periphery corresponds to a node, aligned clockwise in the order of decreasing degree (nodes of equal degree are
randomly ordered). The seed node (chosen to be the node of the highest degree) is black, the nodes infected in the
S1-state are orange, and those infected in the S2-state are red. The uninfected nodes are left as vacancies. The links
are drawn with grey lines only if they connect two infected neighbors. By comparing these two examples of epidemic
outbreaks at α = 3.5 and 4.5, it is clear that the S2 → I infections (red nodes) are especially frequent among the
high-degree nodes in the case of α = 3.5. This reflects the dominant role played by the hubs in the system-wide
avalanche for 3 < α < 4 (note that µ = 0.5 > µt ≈ 0.371 in this case). In contrast, for α = 4.5, the high cooperation
threshold n = 3 and the dominance of two-neighbor effects reduce the significance of cooperative infections among the
hubs at the transition, which is bound to be purely continuous. Consequently, the nodes infected by the cooperative
mechanism are more evenly distributed among different degrees in the latter case.
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Appendix E: Near-TCP crossover for α = 5.5
In Fig. S2, we show the near-TCP crossover behaviors for the GEP with n = 2 on the SFNs with α = 5.5 and
km = 4, supplementing Fig. 2.
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FIG. S2. The near-TCP crossover behaviors for α = 5.5 and n = 2 described by Eq. (8). The lines are obtained from the
roots of Eq. (4), and the symbols are simulation results obtained using 105 SFNs with N = 107 and km = 4. The upper (lower)
data correspond to the µ < 0 (µ > 0) regime. To remove overlaps, all data for µ < 0 have been divided by 10
6.
Appendix F: Comparison between theory and numerics
In Fig. S3, we show that deviations of the numerical data from the theoretical predictions of 〈R〉 converge to zero
as the network size N increases to infinity.
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FIG. S3. (Left) Error ratio of 〈R〉 (i.e. numerics
prediction
− 1) for scale-free networks with α = 2.5 and km = 4 at λ = 0.11 and
µ = 0.08. The dashed line indicates a power-law decay N−0.27. (Right) Error ratio of 〈R〉 for scale-free networks with α = 3.5
and km = 4. The error bars indicate the range of sampling error.
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